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Abstract. On the real line, the Dunkl operators are differential-difference operators 
associated with the reflection group 2Z  on R . We consider the generalized shift 
operator, associated with the Dunkl operator 
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α . We study some embeddings into 

the total Morrey space ( D -total Morrey space) ( )RLp µλ ,, , 22,0 +<≤ αµλ  

associated with the Dunkl operator on R . These spaces generalize the Morrey space 
associated with the Dunkl operator on R  ( D -Morrey space) so that 

( ) ( )RLRL pp λλλ ,,, ≡  and the modified Morrey spaces associated with the Dunkl 

operator on R  so that ( ) ( )RLRL pp 0,,,
~

λλ ≡ . 
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1. Introduction 
 
 On the real line, the Dunkl operators are differential-difference operators 
introduced in 1989 by Dunkl [1] and are denoted by αΛ , where α  is a real 

parameter 2/1−> . These operators are associated with the reflection group 2Z  
on R . The Dunkl kernel αE  is used to define the Dunkl transform αℑ  which was 
introduced by Dunkl in [2]. Rosler in [13] shows that the Dunkl kernels verify a 
product formula. This allows us to define the Dunkl translation Rxx ∈,τ . As a 
result, we have the Dunkl convolution. 

Morrey spaces, introduced by C.B. Morrey [7], play important roles in the 
regularity theory of PDE, including heat equations and Navier-Stokes equations. In 
[3] Guliyev introduce a variant of Morrey spaces called total Morrey spaces 

( )RLp µλ ,, , 0 < p < ∞, λ ∈R and µ ∈R, see also, [10].  
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In the present work, we give basic properties of the total Morrey space 
(Dtotal Morrey space) ( )RLp µλ ,, , 22,0 +<≤ αµλ  associated with the Dunkl 

operator on R  and study some embeddings into the total Morrey space ( )RLp µλ ,, . 

These spaces generalize the Morrey space associated with the Dunkl operator on 
R  ( D -Morrey space) so that ( ) ( )RLRL pp λλλ ,,, ≡  and the modified Morrey 

spaces associated with the Dunkl operator on R  so that ( ) ( )RLRL pp 0,,,
~

λλ ≡ .  

The paper is organized as follows. In Section 2, we present some 
definitions and auxiliary results. In section 3, we give some embeddings into the 
total D -Morrey spaces.  

Finally, we make some conventions on notation. By A ≲ B we mean that A 
≤ CB with some positive constant C independent of appropriate quantities. If A ≲ 
B and B ≲ A, we write A ≈ B and say that A and B are equivalent. 
 
 
 
2. Preliminaries  
 
 For a real parameter 2/1−≥α , we consider the Dunkl operator, associated 
with the reflection group 2Z  on R : 

( )( ) ( ) ( ) ( )
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Note that dxd /2/1 =Λ− .  
 For 2/1−≥α  and C∈λ , the initial value problem: 

( )( ) ( ) ( ) Rxfxfxf ∈==Λ ,10,λα  
 
has a unique solution ( )xE λα  called Dunkl kernel [1, 11, 14] and given by 

( ) ( ) ( ) ( ) RxxijxxijxE ∈
+

+= + ,
12 1 λ

α
λλλ ααα , 

where αj  is the normalized Bessel function of the first kind and order α  [15], 
defined by 
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We can write for Rx∈  and C∈λ  (see Rösler [13], p. 295)  
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Note that E−1/2(λx) = eλx. 

Let 2/1−>α  be a fixed number and µα be the weighted Lebesgue measure 
on R , given by 

( ) ( )( ) dxxxd 1211 12: +−+ +Γ= αα
α αµ . 

For every 1 ≤ p ≤ ∞, we denote by ( )αµdLL pp =  the spaces of complex-
valued functions f , measurable on R  such that 

( ) ( )( ) [ )∞∈∞<=≡ ∫ ,1
/1

, ,
pifxdxfff

p

R

p

Lp p
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µ
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, 

and 
( ) ∞==

∈
∞

pifxfessf
Rx
sup

,α
. 

For ∞<≤ p1  we denote by α,pWL , the weak α,pL  spaces defined as the set of 

locally integrable functions ( ) Rxxf ∈,  with the finite norm 

( ){ }( ) p

r
WL

rxfRxrf
p

/1

0
:sup

,
>∈=

>
αµ

α
. 

Note that 

αα ,, pp WLL ⊂  and   
αα ,, pp LWL

ff ≤  for all α,pLf ∈ . 

 The Dunkl kernel gives rise to an integral transform, called Dunkl transform 
on R , which was introduced and studied in [5].  
 The Dunkl transform αℑ  of a function ( )RLf α,1∈ , is given by 

( ) ( ) ( ) ( ) RxdxfxiEf
R

∈−=ℑ ∫ λµλλ ααα ,: . 

Here the integral makes sense since ( ) 1≤ixEα  for every Rx∈  [13], p. 295.  

 Note that 2/1−ℑ  agrees with the Fourier transform ℑ , given by: 

( ) ( ) ( )∫ ∈=ℑ −−

R

xi Rdxxfef λπλ λ ,2: 2/1  

Notation. For all Rzyx ∈,, , we put 
( ) ( ) ( )zyxzyxW xyzyxzzyx ,,1,, ,,,,,, αα σσσ ∆++−=  
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and  α∆   is the Bessel kernel given by 
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 +Γ+Γ= −

2
12/1 12 απα α

αd  and [ ]yxyxA yx +−= ,, . 

Properties 2.1. (see Rösler [13]) The signed kernel αW  is even and satisfies the 
following properties 

( ) ( ) ( )yzxWzxyWzyxW ,,,,,, −== ααα , 
( ) ( ) ( )zyxWxyzWzyxW −−−=−−= ,,,,,, ααα  

and 
( ) ( )∫ ≤

R
zdzyxW 4,, αα µ . 

 In the sequel we consider the signed measure yx,ν  on R , given by 
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Theorem 2.1. (see Rösler [13]) (i) Let 2/1−>α  and C∈λ . The Dunkl kernel 
αE  satisfies the following product formula: 

( ) ( ) ( ) ( )∫ ∈=
R yx RyxzdzEyExE ,,,νλλλ ααα . 

(ii) The measures yx,ν  have the following properties: 

( ) ( ) ( ) 4:, ,,,,, ≤=−∪= ∫ zdAAppsu
R yxyxyxyxyx ννν . 

 
Definition 2.1. For Ryx ∈,  and f  a continuous function on R , we put  

( ) ( ) ( )∫= R yxx zdzfyf ,ντ . 

 The operators Rxx ∈,τ , are called Dunkl translation operators on R  and 
it can be expressed in the following form (see ref. [13])  

( ) ( ) ( )( )∫ −+=
π α

α θθθθτ
0

2
1

22 sin,,cos2 dyxhxyyxfCyf ex  

                    ( ) ( )( ) ,sin,,cos2
0

2
2

22
0∫ −++

π α
α θθθθ dyxhxyyxfC  

where 00 , ffff e +=   and ef  being respectively the odd and the even parts of 

f , with ( ) ( )( )2/1/1 +Γ+Γ= απααC , ( ) ( ) θθ cossgn1,,1 xyyxh −=  and  
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Proposition 2.1. (see Mourou [8]) (i) The operator Rxx ∈,τ , is a continuous 
linear operator from ( )RΕ  into itself.  
 (ii) For all ( )Rf Ε∈  and Ryx ∈, , we have 

( ) ( ) ( ) ( ),, 0 xfxfxfyf yx == τττ  

., αα ττττττ Λ=Λ=  xxxyyx  
Proposition 2.2. (see Soltani [12]) (i) If f is an even positive continuous function, 
then fxτ  is positive.  
 (ii) For all Rx∈  the operator xτ  extends to ( ) 1,, ≥pRLp α  and we have 

for ( ),, RLf p α∈  

αα
τ

,,
4

ppx ff ≤ . 

 (ii) For all Rx ∈λ,  and ( ),,1 RLf α∈ we have 

( )( ) ( ) ( )λλλτ ααα fxiEfx ℑ=ℑ . 

 Let ( ) { }] [{ }txtxyRytxB +−∈∈= ,,0max:,  and 0>t . Then  

( ) ] [tttB ,,0 −=  and ] [( ) ( ) ( )( ) 2211 112, +−+ +Γ+=− αα
α ααµ ttt . 

  
 
 
3. Some embeddings into the total D -Morrey spaces 
 
Definition 3.1. [6] Let 1 ≤ p < ∞, 0 ≤ λ ≤ 2α + 2 and [t]1 = min{1,t}, t > 0. We 
denote by ( )RLp λ,  Morrey space (≡ D -Morrey space), bye ( )RLp λ,

~
 the modified 

Morrey space (≡ modified D -Morrey space), associated with the Dunkl operator 
[6, 9] and by ( )RLp µλ ,,  Morrey space (≡ total D -Morrey space) as the set of 

locally integrable functions ( ) Rxxf ∈, , with the finite norms 

( ) ( ) ( )
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( ) [ ] [ ] ( ) ( )
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respectively. 
 If { } 0,min <µλ  or { } 22,max +> αµλ , then ( ) ( )RRLp Θ=µλ ,, , where 

( )RΘ  is the set of all functions equivalent to 0  on R . 

( ) ( ) ( ) ( )RLRLRLRL pppp === 0,0,0,0,
~

, 

( ) ( ) ( ) ( )RLRLRLRL pppp λλλλλ ,0,,,,,
~, ==  

( ) ( )RLRL pp λµλ ,,, ⊂  and ( ) ( )RLRL pp
ff

µλλ ,,,
≤ ,                (3.1) 

( ) ( )RLRL pp µµλ ,,, ⊂  and ( ) ( )RLRL pp
ff

µλµ ,,,
≤ .               (3.2) 

Definition 3.2. [4] Let 1 ≤ p < ∞, 0 ≤ λ ≤ 2α + 2. We denote by ( )RWLp λ,  weak 

D -Morrey space, by ( )RLW p λ,
~

 the modified weak D -Morrey space [6, 9] and by 

( )RWLp µλ ,,  weak total D -Morrey space as the set of locally integrable functions 

( ) Rxxf ∈,  with finite norms  
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respectively. 
 We note that 

( ) ( )RWLRL pp µλµλ ,,,, ⊂  and ( ) ( )RLRWL pp
ff

µλµλ ,,,,
≤ . 

Lemma 3.1.  If  220,0 +≤≤∞<< αλp  and 220 +≤≤ αµ , then 
( ) ( ) ( )RLRLRL pp 22,,,22, +∞+ ⊂⊂ αλµα   

 and 

( ) ( ) ( )RLRL
p

kRL pp
ffbf

µααλ ,22,22,,

/1

+∞+
≤≤ . 

Proof. Let  ( )RLf ∞∈ . Then for all Rx∈  and 10 ≤< t  

( ) ( )
( )

( ) 220,/1/1
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L
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p
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 Therefore ( )RLf p 22,, +∈ αλ  and 
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L
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. 
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 Let ( )RLf p µα ,22, +∈ . By the Lebesgue’s differentiation theorem we have 
(see [9, Section 2, Corolarry 2.2]) 

( )( ) ( ) ( ) ( )
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Corollary 3.1. If ∞<< p0  then 

( ) ( ) ( )RLRLRL pp ∞++ == 22,22,
~
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Lemma 3.2. Let 220,1 +≤≤∞<≤ αλp  and 220 +≤≤ αµ . Then 
( ) ( ) ( )RLRLRL ppp µλµλ ,,,, ∩=  

and 

( ) ( ) ( ){ }
RLRLRL ppp

fff
µλµλ ,,,,

,max= . 

Proof. Let ( )RLf p µλ ,,∈ .  Then by (3.1) and (3.2) we have 

( ) ( ) ( )RLRLRL ppp µλµλ ,,,, ∩⊂  
and 

( ) ( ){ } ( )RLRLRL ppp
fff

µλµλ ,,,,
,max ≤ . 

Let ( ) ( )RLRLf pp µλ ,, ∩∈ .  Then by Proposition 2.1 we have 
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Therefore, ( )RLf p µλ ,,∈  and the embedding ( ) ( ) ( )RLRLRL ppp µλµλ ,,,, ⊂∩  is 
valid. 
 Thus ( ) ( ) ( )RLRLRL ppp µλµλ ,,,, ∩=  and 
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( ) ( ) ( ){ }
RLRLRL ppp
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Corollary 3.1. [9, Lemma 3.2]  If 220,0 +≤≤∞<< αλp , then  

( ) ( ) ( )RLRLRL ppp ∩= λλ ,,
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From Lemmas 3.1 and 3.2 for 1 ≤ p < ∞ we have 
( ) ( ) ( )RLRLRL pp ∩= ∞+22,

~
α . 
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Remark 3.1. If ∞<< p0 , and { } 0,min <µλ  or { } 22,max +> αµλ , then  
( ) ( ) ( )RRWLRL pp Θ== µλµλ ,,,, . 

Lemma 3.4. If ∞<< p0 , 220 12 +≤≤≤ αλλ and 220 21 +≤≤≤ αµµ , 
then 

( ) ( )RLRL pp 2211 ,,,, µλµλ ⊂  
and 

( ) ( )RLRL pp
ff

1,1,2,2, µλµλ
≤ . 

Proof. Let ( )RLf p µλ ,,∈ , ∞<< p0 , 220 12 +≤≤≤ αλλ ,
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. 

 On the total D -Morrey spaces the following embedding is valid. 
Lemma 3.5. Let 220 +<≤ αλ , 220 +<≤ αµ , λαβ −+<≤ 220 1  and 

µαβ −+<≤ 220 2 . Then for 
21

2222
β

µα
β

λα −+
≤≤

−+ p  

( ) ( )RLRLp 21 22,22,1,, βαβαµλ −+−+⊂  
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and for ( )RLf p µλ ,,∈  the following inequality 
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 Therefore ( )RLf
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Corollary 3.3. [9,Lemma 3.4] Let 220 +<≤ αλ and λαβ −+<≤ 220 . Then 

for 
β

λα −+
=

22p  

( ) ( )RLRLp βαλ −+⊂ 22,1,   

and for ( )RLf p λ,∈  the following inequality 
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is valid. 
Corollary 3.4. [9,Lemma 3.5] Let 220 +<≤ αλ and λαβ −+<≤ 220 . Then 
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−+ 2222 p  
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and for ( )RLf p λ,
~∈  the following inequality 
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is valid. 
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